A (p, q) graph G is said to be square sum, if there exists a bijection f : V (G) → {0, 1, 2, . . . , p − 1} such that the induced function f * :
Introduction
Graph labeling, where the vertices and edges are assigned real values or subset of a set are subject to certain conditions, have often been motivated by their utility to various applied fields. Several practical problems in real life situations have motivated the study of labelings of graphs which are required to obey a variety of conditions depending on the structure of graphs. Graph labeling has a strong communication between number theory [3] and structure of graphs [4] and [7] . Here we are interested in the study of vertex functions f : V (G) → A, A ⊆ N for which the induced edge function f * (uv) = (f (u)) 2 + (f (v)) 2 , for all uv E(G) is injective. The wide-angular history of sum of squares of numbers motivated the authors to study the particular graphs named square sum graphs. Unless mentioned otherwise, by a graph we shall mean in this paper a finite, undirected, connected graph without loops or multiple edges. Terms not defined here are used in the sense of Harary [7] . Square sum graphs are vertex labeled graphs with the labels from the set {0, 1, 2, . . . , p − 1} such that the induced edge labels as the sum of the squares of the labels of the end vertices are all distinct. Not every graph is square sum. For example, any complete graph K n , where n ≥ 6 is not square sum [2] . We are interested to study different classes of graphs, which are square sum. In this paper we establish that if G is a square sum graph then G ∪ P m is square sum, (K m,n ) 2 is square sum if and only if m + n ≤ 5 and W 2 n is square sum if and only if n ≤ 5. Also we proved that shadow graph of P n and K 1,n are square sum for every arbitrary n. Split graph of P n and K 1,n are square sum for every arbitrary n. We also establish that union of paths is square sum, the sequential join of some classes of square sum graph is square sum and proved that for the integers m and n, mK 1,n is square sum and P n K 2 (attaching K 2 to each vertex of P n ) is square sum.
Square sum graphs
Acharya and Germina [1] defined a square sum labeling of a (p, q)-graph G [2] as follows. Definition 2.1. A (p, q) graph G is said to be square sum, if there exists a bijection f :
The shadow graph S(G) of a graph G is obtained from G by adding for each vertex v of G, a new vertex v , called the shadow vertex of v, and joining v to the neighbours of v in G. Split graph of a graph G is obtained by taking two copies of G say, G and G and join each vertex u in G to the neighbourhood of corresponding vertex v in G .
Theorem 2.2.
[5] For every positive integer n, P n is square sum. Theorem 2.3. For every positive integer n, P 2 n is square sum.
Proof. Let V (P 2 n ) = {u i ; 1 ≤ i ≤ n}. Edge set of P 2 n can be partition into two classes as follows.
n , edge labels of one class is strictly increasing sequence of odd numbers and the other class forms strictly increasing sequence of even numbers. Hence the induced edge labels are distinct and P 2 n is square sum.
Observation 2.4. In square sum graph P 2 n , the difference between consecutive edge labels in the form f * (u i u i+1 ); 1 ≤ i ≤ n − 1 form a sequence of even positive integers which form an A.P. Similarly in P 2 n , the difference between consecutive edge labels in the form f * (u i u i+2 ); 1 ≤ i ≤ n − 2 form a sequence of even positive integers which form an A.P.
Theorem 2.5. [2] Complete graph K n is square sum if and only if n ≤ 5. Proof. The square sum labeling of (K m,n ) 2 for m + n ≤ 5 is shown in figure below. Assume that m + n ≥ 6 and let f :
2 is a complete graph and we always have edges e 1 and e 2 such that f * (e 1 ) = 0 2 + 5 2 = 25 and f * (e 2 ) = 3 2 + 4 2 = 25. Hence f * (e 1 ) = f * (e 2 ). This is a contradiction to the fact that f is a square sum labeling. Hence (K m,n ) 2 is square sum if and only if m + n ≤ 5.
Remark 2.9. The graph (K 1,n ) 2 is square sum if and only if n ≤ 4.
Square of a wheel W n is isomorphic to complete graph K n , hence by applying theorem 2.5 we get the following theorem. Proof. Let G be a square sum graph of order n. Let V (G) = {u 1 , u 2 , . . . , u n } and V (P m ) = {u n+1 , u n+2 , . . . , u n+m }. Label the vertices of G by 0, 1, 2,. . . , n-1 and the vertices of P m by {n, n + 1, n + 2, . . . , n + m − 1}. Define f :
The edge labels of P m is strictly increasing with increasing value of i and the edge labels of the square sum graph G is strictly less than that of P m . Hence the induced edge labels of G ∪ P m is distinct and is square sum.
Theorem 2.12. K 1,n ∪ K 1,n+1 where n ≥ 1 is square sum.
, where u and v are apex vertex of K 1,n and K 1,n+1 respectively. Edge set of K 1,n ∪ K 1,n+1 can be partition into two classes as follows.
Clearly f is injective. Since f is strictly increasing with increasing value of i, the edge labels of both classes, f
Hence all the induced edge labels are are distinct. Theorem 2.13. For integers m and n, mK 1,n is square sum.
2 for every uv ∈ E(mK 1,n ) is distinct, as the edge labels are strictly increasing with increasing value of i. Hence mK 1,n is square sum.
However we strongly believe that if G 1 and G 2 are square sum, then G 1 ∪G 2 is square sum. So we pose the following conjecture.
Conjecture 2.14. If G 1 and G 2 are square sum, then G 1 ∪ G 2 is square sum.
Lemma 2.15. For every positive integer n, the graph P 2 + K n is square sum.
The edge set of P 2 +K n can be partition into three classes as follows.
Clearly f is injective. Since f is strictly increasing with increasing value of i, the edge labels of each of the above classes are distinct. The label of the edge u 1 u 2 is clearly distinct from all other edge labels. Now we have to show that
Put f (u i ) = a and f (u j ) = b we get an equation of the form a 2 − b 2 = 1, so that that either f (u i ) = 0 or f (u j ) = 0, which is not possible since f is a bijection. Hence all the edge labels are distinct and P 2 + K n is square sum.
Lemma 2.16. P 3 + K n is square sum for every positive integer n.
Proof. Let V (P 3 + K n ) = {u 1 , u 2 , . . . , u n+3 }, where V (P 3 ) = {u 1 , u 2 , u 3 } and V (K n ) = {u 4 , u 5 , . . . , u n+3 }. The edge set of P 3 + K n can be partition into four classes as follows.
Clearly f is injective. The edge labels of each of the above classes are distinct as
. This is not possible as f is injective. Also if possible assume that f * (u 2 u i ) = f * (u 3 u j ), for i = j. Put f (u i ) = a and f (u j ) = b. Then we get an equation a 2 − b 2 = 5 for a, b = 2, 3. This is not possible, as f is injective. Also f * (u i u i+1 ); 1 ≤ i ≤ 2 are clearly distinct and distinct from all other edge labels. Hence all the edge labels are distinct.
However we strongly believe that for m ≥ 4, P m + K n is not square sum. So we pose the following conjecture.
Conjecture 2.17. P m + K n , m, n ∈ N is square sum if and only if m ≤ 3.
Theorem 2.18. The complete tripartite graph K 1,1,n is square sum for n ∈ N.
Proof. Let X = {u}, Y = {x 1 }, and Z = {y 1 , y 2 , . . . , y n } be three sets define by f (u) = 0; f (x 1 ) = 1; and f (y i ) = i + 1; 1 ≤ i ≤ n. Clearly f is injective. Edge set of K 1,1,n can be classified into three classes as follows.
2 ; 1 ≤ i ≤ n, the edge labels of each class is distinct and hence f * (uy i ) = f * (x 1 y i ); 1 ≤ i ≤ n. The edge labels of f * (uy i ); 1 ≤ i ≤ n are all perfect squares. But edge labels of f * (x 1 y j ); 1 ≤ j ≤ n are not perfect squares and hence f * (uy i ) = f * (x 1 y j ) for i = j. Hence all the edge labels are distinct and K 1,1,n is square sum for all n. Theorem 2.19. Shadow graph of K 1,n is square sum.
Proof. Let V (K 1,n ) = {u 1 , u 2 , . . . , u n+1 } where u 1 is the apex vertex of K 1,n and let v 1 , v 2 , . . . , v n+1 be the corresponding shadow vertices. Definef :
The edge set of S(K 1,n ) can be partition into three classes as follows. E(S (K 1,n ) 
Since f is strictly increasing with increasing value of i, clearly the edge labels of each of the above classes are distinct. Since the maximum value of u 1 u i for 2 ≤ i ≤ n + 1 is n 2 and the minimum value of
Edge labels of u 1 u i is strictly less than the edge labels of v 1 u i for every 2 ≤ i ≤ n + 1 and hence f * (u 1 u i ) = f * (v 1 u j ) for i = j. Also the edge labels of u 1 v i is strictly less than the edge labels of
Hence all the induced edge labels are distinct and S(K 1,n ) is square sum.
Theorem 2.20. The shadow graph of P n is square sum.
Proof. Let v 1 , v 2 , . . . , v n be the vertices of P n and u 1 , u 2 , . . . , u n be the corresponding shadow vertices. Define f :
Edge set of S(P n ) is classified into three classes as follows.
Clearly f is injective. Since f is strictly increasing with increasing value of i, the edge labels of each of the above classes are distinct. The induced edge labels of f * (v i v i+1 ); 1 ≤ i ≤ n−1 are strictly increasing sequence of even numbers and the edge labels of f * (v i u i+1 ) and f * (u i v i + 1))are strictly increasing sequence of odd numbers and hence f
Because of symmetry it is enough to verify the case for the edges connecting the vertices with labels 0, 3 and 1, 2. The corresponding edge induced labels will be 9 and 5, which are clearly different. Hence one may conclude that f
Theorem 2.21. Split graph of P n is square sum.
Proof. Let v i ; 1 ≤ i ≤ n be the vertices of first copy of P n and u i ; 1 ≤ i ≤ n be the corresponding vertices of second copy of P n . Let G be the graph spl(P n ).
Clearly f is injective. The edge set of G can be partition into four classes as follows.
Since f is strictly increasing with increasing value of i, induced edge labels of each of the above classes are distinct. v i v i+1 ; 1 ≤ i ≤ n − 1 are edges connecting consecutive even numbers and u i u i+1 ; 1 ≤ i ≤ n − 1 are edges connecting consecutive odd numbers. Labels of the edges connecting consecutive even numbers and labels of the edges connecting consecutive odd numbers are distinct and hence f
are strictly increasing sequence of odd numbers and f
Hence all the induced edge labels of G are distinct.
Theorem 2.22. Split graph of K 1,n is square sum.
Proof. Let G be the graph spl(K 1,n ). Let u i ; 1 ≤ i ≤ n + 1 be the vertices of first copy of K 1,n where u 1 is the apex vertex of K 1,n and v i ; 1 ≤ i ≤ n + 1 be the corresponding vertices of second copy of K 1,n , with v 1 as the apex vertex.
Clearly f is injective. The edge set of G can be classified into four classes as follows.
Since f is strictly increasing with increasing value of i, clearly edge labels of each of the above class are distinct. Labels of the edges (u 1 u i ); 2 ≤ i ≤ n + 1 are strictly less than labels of the edges (u 1 v i ); 2 ≤ i ≤ n+1, so that f
The maximum value of f * (u 1 u i ) is n 2 and the minimum value of f
Theorem 2.23. 1) mP n , for m ≥ 1 is square sum. 2) K 3 ∪ mK 4 , for m ≥ 1 is square sum.
Proof. 1) It follows from the fact that P n is square sum for all n. In general the class K 3 ∪ mK 4 are special cases of sequential join of graphs.
Definition 2.24. For three or more disjoint graphs G 1 ,G 2 ,. . . ,G n , the sequential join G 1 + G 2 + G 3 + · · · + G n is the graph {G 1 + G 2 } ∪ {G 2 + G 3 } ∪ · · · ∪ {G n−1 + G n }.
Corollary 2.25. If G 1 ∼ = K 1 and G i ∼ = K 2 ; 2 ≤ i ≤ n, then the sequential join of G i is square sum.
Corollary 2.26. If G 1 ∼ = k 2 and G i ∼ = K 2 ; 2 ≤ i ≤ n, then the sequential join of G i is square sum.
Theorem 2.27.
P n i is square sum.
Proof.
Let V (∪P n i ) = {v 1 , v 2 , . . . , v n 1 , v n 1+1 . . . , v n 1 +n 2 −1 , . . . , v n i }. Without loss of generality assume that |V (P n i )| ≤ |V (P n j )| for i < j, j ≤ k. Define f :
P n i ) → {0, 1, 2, . . . , p − 1}, by f (v j ) = j − 1; 1 ≤ j ≤ n i . Then clearly the edge labels form a strictly increasing sequence of odd integers and are distinct.
Theorem 2.28. K 1,n + K 1 is square sum for all n.
Proof. Let V (K 1,n ) = {u 1 , u 2 , . . . , u n+1 }, where u 1 is the apex vertex of K 1,n and let V (k 1 ) = v 1 . Define f : V (K 1,n + k 1 ) → {0, 1, 2, . . . , n + 1} by f (u 1 ) = 0; f (v 1 ) = n + 1; and f (u i ) = i − 1; 2 ≤ i ≤ n + 1. Clearly f is injective. E(K 1,n + K 1 ) = {u 1 u i ; 2 ≤ i ≤ n + 1} ∪ {v 1 u i ; 2 ≤ i ≤ n + 1 ∪ {u 1 v 1 } The induced edge labels of u 1 u i ; 2 ≤ i ≤ n + 1 is strictly less than the induced edge labels of v 1 u i ; 2 ≤ i ≤ n + 1. Hence f * (u 1 u i ) = f * (v 1 u i ) for all i. f * (u 1 v 1 ) = (n + 1) 2 is clearly distinct from all other induced edge labels. Hence all the induced edge labels are distinct.
Theorem 2.29. The graph P n K 2 (attaching K 2 to each vertex of P n ) is square sum for all n.
